Abstract. For each type of vector space there exists a group that preserves its geometry. In this paper we introduce and study a frame manifold based on a homogeneous space of a group of transformations. The concept of frame manifold can be extended from vector space to arbitrary manifold where we introduce concept of a reference frame.
Introduction
This paper was written under the great influence of the book [1] . The studying of a homogenous space of a group of symmetry of a vector space leads us to the definition of a frame of this space. A frame manifold is a set of frames of particular vector space and is an example of a homogenous space. As it is shown in [1] it gives ability to define concepts of invariance and of geometrical object.
We introduce two types of transformation of a frame manifold: active and passive transformations. The difference between them is that the active transformation can be expressed as a transformation of an original space.
This definition can be extended on an arbitrary manifold. However in this case we generalize the definition of a frame and introduce a reference frame. In case of an event space of general relativity it leads us to a natural definition of a reference frame and the Lorentz transformation.
Representation
Definition 2.1. We call representation of the group G in the vector space V a family of transformations (2.1)
depending on a ∈ G such that the composition of any two transformations from this family belongs to this family.
Example 2.2. The group composition determines two different presentations on the group: the left shift which we introduce by the equation Key words and phrases. vector space, differential geometry, frame, reference frame.
Definition 2.3. We call the representation (2.1) a non-singular if transformation (2.1) is one-to-one map for any a ∈ G.
Definition 2.4. For any vector v ∈ V we define its representation orbit as set
According to definition 2.1 for any a and b exist c such that
We will learn two different ways in which c depends on a and b.
Example 2.5. For a vector and GL(n)
We can assume another representation
Definition 2.6. We call the representation (2.1) a co-representation if c = ba follows from the equation (2.4) and denote this representation by
Definition 2.7. We call the representation (2.1) contra-representation if c = ab follows from equation (2.4) and denote this representation by
Linear Representation
If we learn a linear representation we can also define right-side and left-side representation.
Example 3.1. We can introduce a representation
and c = ba. This is a co-representation. We can assume another representation
α (a)u β and c = ab. This is a contra-representation.
However, this is not only way to see a contra-representation.
and c = ab. This is also a contra-representation.
Definition 3.2. We call representation (2.1) left-side linear representation if it has form (3.1)
In the example 3.1 and definitions 3.2 and 3.3 we clearly use tensor notation. Position of an index may depend on whether this is left-side or right-side representation. However as we see from the example it does not determine whether this is co-representation or contra-representation. We can use only upper index and notation u . α instead of u α . Then we can write the transformation of this object in the form u
This way we can hide the difference between left-side and right-side presentations. This similarity goes as far as we need. Unless otherwise stated we do not make a distinction between left-side and right-side presentations.
Definition 3.4. We call kernel of inefficiency a set
If K f = {e} we call representation effective.
Lemma 3.5. A kernel of inefficiency is a subgroup of a group G.
Proof. The proof does not depend on whether we use co-representation or contrarepresentation. Assume f is co-representation and f (a 1 ) = δ and f (a 2 ) = δ. Then
If an action is not effective we can switch to an effective one by changing group G 1 = G|K f using factorization by the kernel of inefficiency. This means that we can study only an effective action.Definition 3.6. We call a representation transitive if for any a, b ∈ V exists such g that a = f (g)b We call a representation single transitive if it is transitive and effective.
Lemma 3.7. Representation is single transitive if and only if for any a, b ∈ V exists one and only one g ∈ G such that a = f (g)b Definition 3.8. We call a space V homogeneous space of group G if we have single transitive representation of group G on V .
Single Transitive Representation
Lemma 4.1. If we define a single transitive representation f of the group G on the manifold A then we can uniquely define coordinates on A using coordinates on the group G.
If f is a co-representation than f (a) is equivalent to the left shift L a on the group G. If f is a contra-representation than f (a) is equivalent to the right shift R a on the group G.
Proof. We select a point v ∈ A and define coordinates of a point w ∈ A as coordinates of the transformation a such that w = f (a)v. Coordinates defined this way are unique up to choice of an initial point v ∈ A because the action is effective.
If f is a co-representation we will use the notation
Because the notation
is compatible with the group structure we see that the co-representation f is equivalent to the left shift. If f is a contra-representation we will use the notation
is compatible with the group structure we see that the contra-representation f is equivalent to the right shift.
Lemma 4.2. Left and right shifts on group G are pairwise permutable.
Proof. This is the consequence of the associativity on the group G
Lemma 4.3. If we defined a single transitive representation f on the manifold A then we can uniquely define a single transitive representation h transformations of which will be commutative with all transformations of the representation f 1 .
1 The lemma 4.3 is really very interesting. However its meaning becomes more clear when we apply this lemma to frame manifold, see section 8.
Proof. We use group coordinates for points v ∈ A. For the simplicity we assume that f is a co-representation. Then according to lemma 4.1 we can write the left shift L a instead of the transformation f (a). Let points v 0 , v ∈ A. Then we can find one and only one a ∈ G such that
We assume h(a) = R a For some b ∈ G we have
Changing b we get that w 0 is an arbitrary point of A. We see from the diagram that if v 0 = v than w 0 = w and therefore h(e) = δ. On other hand if v 0 = v then w 0 = w because the representation f is single transitive. Therefore the representation h is effective.
In the same way we can show that for given w 0 we can find a such that w = h(a)w 0 . Therefore the representation is single transitive.
In general the representation f is not commutative and therefore the representation h is different from the representation f . In the same way we can create a representation f using the representation h. 
− −−− → w and we have w = bv = bav 0 = bab −1 w 0 . Therefore
We see that the representation of h depends on its argument.
Frame in Affine Space
We identify vectors of the affine space A n with pair of points −→ AB. All vectors that have a common beginning A create a vector space that we call a tangent vector space T A A n .
A topology that A n inherits from the map A n → R n allows us to study smooth transformations of A n and their derivatives. More particularly, the derivative of transformation f maps the vector space T A A n into T f (A) A n . If f is linear then its derivative is the same at every point.
Introducing coordinates A 1 , ..., A n of a point A ∈ A n we can write a linear transformation as
Derivative of this transformation we can express using matrix P It is a well known fact that if det P = 0 then transformation (5.1) maps the frame into another frame. From other hand if we have two frames F =< O, e i > and F ′ =< O ′ , e ′ i > we can find transformation (5.1) which maps frame F into frame F ′ . The solution is simple.
and P i j are solutions of system of linear equations
Because vectors e k are line independent this system always has solution. Let us introduce a base frame F 0 =< O 0 , e 0i > where O 0 = (0, ..., 0) and e 0 i k = δ i k . Then the transformation which maps the frame F 0 into a frame F has the same coordinates as the frame F. Therefore we can identify the frame manifold F (A n ) and the Lie group GL(A n ).
The created representation is co-representation. Contra-representation of GL(A n ) on manifold F (A n ) is defined according lemma 4.3. According remark 4.4 we cannot substitute map of contra-representation by map of co-representation.
Because a transformation of co-representation may be initiated by an affine transformation of affine space we still call this transformation affine. We call transformation of contra-representation quasi affine transformation. 6
Frame in Central Affine Space
If we do not concern about starting point of a vector we see little different type of space which we call central affine space CA n . In the central affine space we can identify all tangent spaces and denote them T CA n . If we assume that the start point of vector is origin O of coordinate system in space then we can identify any point A ∈ CA n with the vector a = −→ OA. This leads to identification of CA n and T CA n .
What is more important to us now is the group of transformation of the space T A n . Now transformation is simply map
and such a transformation form Lie group GL n . We also reduce definition of frame.
Definition 6.1. Central affine frame F =< e i > is set of linearly independent vectors e i = (e 1 i , ..., e n i ). Definition 6.2. Frame manifold of central affine space F (CA n ) is set of frames of this space.
Like in section 5 we establish one-to-one map between F (CA n ) and GL n . The same way we can define affine and quasi affine map.
Frame in Euclid Space
When we introduce a metric in a central affine space we get a new geometry because we can measure a distance and a length of vector. If a metric is positive defined we call the space Euclid E n otherwise we call the space pseudo Euclid E nm . Now we are interesting in transformations that preserve length and such transformations form Lie group O(n) for Euclid space and Lie group O(n, m) for pseudo Euclid space where n and m number of positive and negative terms in metrics.
Change in geometry leads to change in the definition of a frame.
Definition 7.1. Orthonornal frame F =< e i > is set of linearly independent vectors e i = (e 1 i , ..., e n i ) such that length of each vector is 1 and different vectors are orthogonal.
Definition 7.2. Frame manifold of Euclid space F (E n ) is set of frames of this space.
We call a transformation of Euclid space movement. We can show that for every two frames there is one and only one movement and any movement maps an orthonormal frame into an orthonormal frame.
Because a transformation of co-representation may be initiated by movement of Euclid space we still call this transformation movement. We call transformation of contra-representation quasi movement.
Frame in Vector Space
All definitions that we have seen before have a lot of common. Affine space and Euclid space are vector spaces. In each case we have a specific group of transformations that defines a geometry of a particular space. Getting the standard definitionof frame we discover a one-to-one map between the frame manifold and the group of transformations. This leads us to a very important generalization.
Assume we have vector space V and co-representation of group G = G(V) of morphisms of space V. We usually call group G(V) symmetry group. We studied examples of such a group before. For affine space A n this is GL(A n ), for Euclid space this is O(n). We assume that group G acts from left and therefore forms co-representation in space V.
In this section we assume that a vector space has finite dimension. Then in this vector space we can always select a maximal set of linearly independent vectors. This set we call frame F =< e i > . Any vector v has only one expansion
relative to frame F. We call coefficients of this expansion v i coordinates of the vector. Let F 0 be fixed frame. Then a set of coordinates e i k of vectors e k of frame F is a set of coordinates of frame F. We call these coordinates standard coordinates of frame.
Any morphism of the vector space maps one frame into another. Thus we can extend a co-representation of the symmetry group to frame manifold. We call such a transformation on frame manifold passive because the morphism of the vector space induced this transformation. We call the group of passive transformations passive group and morphism of the group G into passive group passive representation. However not every two frames can be mapped by passive transformation because not every nonsingular linear transformation belongs to representation of group G. Properties of frame depend on the symmetry group. We can select frame F vectors of which are in a relationship which is invariant relative to passive representation. In this case all frames from orbit O(F, G) have vectors which satisfy the same relationship. Such a frame we call frame of type G. According to the definition for two different frames the morphism that maps one frame into another is defined uniquely. We call orbit O(F, G) frame manifold of vector space F (V) . This means that the frame manifold is a homogenous space of group G.
Example 8.1. Let space V have dimension n. When G = GL(n) there is no specific relation between vector and we can choose arbitrary frame. We call such frame affine frame . When G = O(n) the transformation conserves the length of the vector. In this case we can choose frame vectors of which have length 1 and orthogonal each other. We call such frame orthonormal frame. We can prove existence of f orthonormal frame. In general case we also need to prove existence of selected map.
Representation on the frame manifold is single transitive and non-singular. According to lemma 4.1 we define coordinates on the frame manifold using group coordinates. We call such coordinates of frame type G coordinates of frame. Standard coordinates that we defined earlier are redundant coordinates, however very often they are more convenient for use.
Frame F creates coordinates in A n . In different types of space it may be done in different ways. In affine space if node of frame is point A than point B has the same coordinates as vector −→ AB relative frame F. In a general case we introduce coordinates of a vector as coordinates relative to the selected frame. Using only frames of type G means using of specific coordinates on A n . To distinguish them we 8 call this coordinates of type G. We also call the space A n with such coordinates space of type G. If G is the orthogonal group we call the space euclide space. According to lemma 4.3 another representation, commutable with passive, exists on the frame manifold. However as we see from example 4.4 this representation is different from a passive transformation and cannot be reduced to transformation of space V . To underline this difference we call this representation active representation and its particular element active transformation of vector space V .
An active transformation is not an extension of a transformation of space V . However, it plays an important role in the geometry of space V . A regular transformation changes frames and vectors uniformly and coordinates of vector relative frame do not change. An active transformation changes only the frame and it leads to change of coordinates of vector relative to frame.
Reference Frame on Manifold
When we study manifold M the geometry of tangent space is one of important factors. Usually we assume that all tangent spaces have the same geometry with symmetry group G. According to section 8 we can identify a frame in tangent space with an element of group G. However one separate frame in tangent space does not present such interest as it has in a vector space. Connection is another important factor that builds up the manifold. In this section we study principal bundle F (M) with fiber G . We call this bundle frame manifold of manifold M Definition 9.1. Reference frame of type G is smooth section
Because F is a section it may be not defined on the whole manifold, but on a certain part of it. However this is not important in the context of our research.
Such maps also build up a group. More particularly, we say that map g is product of maps g 1 and g 2 if for any x for which g 1 (x) and g 2 (x) are defined g(x) is also defined and
This group acts one transitive way on the set of reference frames. We see similarity with theory described above and this means that we can extend theory for reference frames. The same way as we did for vector space we define passive and active transformations. Let dimension of manifold M be n. Then we can present reference frame F as set of n vector fields e (i) linearly independent at each point. We can select frame at each point of manifold to define standard coordinates. We usually choose frame F 0 =< ∂ i >. Then coordinates of reference frame F have form e k (i) . Because vectors e (i) are linearly independent at each point matrix e k (i) has inverse matrix e (i) k . The same way as I show in [2] we can define coordinates on manifold M which are based by reference frame F . More particular they are functions x (i) such that
Coordinates x (i) may not exist on manifold. Their existence depends on anholonomity object ω
We call such cordinates anholonomic coordinates on manifold. Anholonomic coordinates on the manifold exist only when ω (i) (k)(l) = 0. Otherwise we can interpret them as functions that change in a certain way along vector field. For instance in event space of general relativity function x (0) is synchronization of reference frame. Map of type G on manifold is coordinate transformation on manifold jacobian of which belongs to group G. Map of type G on manifold can be extended to transformation of vector fields and therefore to passive transformation of reference frame. We usually associate passive transformation with coordinate transformation. To keep this association we can extend passive group including in it any linear transformation of reference frame. This breaks relationship between passive and active group, however it does not change the whole concept. At the same time it allows to keep a relationship between a coordinate transformation on manifold and a passive transformation on a frame manifold.
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